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ABSTRACT 


* 

Models  for  calculating  multiple  round  hit  probability 
(the  chance  of  at  least  one  hit)  with  4 bombs  on  a circular 
target  are  constructed  by  computer  simulation.  Pattern 
firing  and  artillery  registration  are  compared  to  determine 
which  firing  method  is  optimal.  It  is  proved  neither  one  is 
optimal.  Therefore,  another  method  called  modified  artillery 
registration  is  developed.  The  basic  idea  of  modified  artillery 
registration  is  feed  back  superimposed  on  a pattern.  This 
method  always  gives  higher  probability  than  the  former  two 
methods. 
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I.  INTRODUCTION 

A frequent  and  important  problem  facing  the  weapon  systems 
analyst  is  that  of  making  calculations  of  hit  probabilities 
for  multiple  rounds,  and  finding  the  best  method  to  increase 
the  hit  probability  with  the  given  rounds.  The  purpose  of  this 
thesis  is  to  present  models  for  calculation  of  the  probability 
of  at  least  one  hit,  and  to  find  the  firing  method  that  maxi- 
mizes the  hit  probability  under  the  following  assumptions  : 

A.  4 bombs  are  fired  at  a circular  target  of  radius  R 
whose  position  is  drawn  from  a circular  normal  distribution 
with  mean  at  the  origin  of  Cartesian  coordinate  and  variance 
Q This  is  called  "target  location"  error. 

B.  The  "round-to-round"  errors  are  governed  by  a circular 

normal  distribution  with  mean  0 and  variance  c2  . 

2 

C.  In  cases  where  an  observer  is  involved,  the  "report" 
errors  are  also  distributed  by  a circular  normal  distribution 
with  mean  0 and  variance  a 

D.  Even  though  observers  in  real  life  tend  to  make  larger 
errors  when  observing  large  miss  distance,  the  three  errors 
above,  referred  to  as  the  "target  location"  error,  "round-to- 
round"  error  and  "report"  error,  respectively,  are  assumed 

to  be  independent. 

A typical  multiple  rounds  firing  is  shown  in  Figure  1 for 
N • 4 where  the  circular  dot  represents  the  target  position 
with  radius  R (the  center  is  drawn  from  a circular  normal 
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distribution  with  mean  0 and  variance  a1)  and  the  crosses 

i 

represent  the  individual  round  impact  points  (drawn  indepen- 
dently from  a circular  normal  distribution  centered  on  the  origin 
with  mean  0 and  variance  <r  ) . If  any  one  of  four  bombs  hits 
within  the  target  radius,  the  target  is  considered  to  be  killed. 


The  rest  of  this  thesis  will  examine  several  different 
methods  for  aiming  the  4 shots. 


: 

1 


Figure  1:  Typical  Multiple  Round*  Pattern  for  N • 4 


10 


II.  DISCUSSION  OF  PATTERN  FIRING  METHOD 


As  discussed  in  the  previous  chapter,  a target  is  considered 
to  be  destroyed  if  any  one  of  4 bombs  lies  within  a lethal  radius 
of  the  target.  The  hit  probability  formulation  can  be  obtained 
by  writing  the  conditional  probability  of  at  least  one  hit  in 
density  form  and  using  the  classical  probability  rules  per- 
taining to  conditional,  joint,  and  marginal  probability  den- 
sities. For  a given  set  of  aim  points,  the  hit  probability 
(probability  of  at  least  one  hit)  is  then  some  complicated 
function  of  o , o , o and  the  lethal  radius  R.  In  general, 

12  3 

the  hit  probability  is  not  maximized  by  aiming  all  shots  at 
the  origin  but  rather  in  some  sort  of  pattern.  Naturally,  one 
expects  that  the  optimal  pattern  will  be  some  simple  geometric 
figure.  For  three  rounds,  for  example,  the  aim  point  pattern 
should  be  vertices  of  a triangle.  In  this  thesis,  the  four  aim 
points  will  be  at  the  corners  of  a square,  since  there  is  some 
evidence  developed  by  Washburn  that  this  is  superior  to  the 
"triangle-plus-one-in-the-middle"  pattern. 

Figure  2 shows  the  pattern  firing  method.  Target  location 
is  a random  number  from  circular  normal  distribution  with  mean 
0 and  variance  a*  . The  impact  point  is  the  aiming  point  plus 
"round-to-round"  error  which  is  drawn  from  a normal  distribution 
with  mean  0 and  variance  a*  . In  Figure  2,  the  triangle  repre- 
sents the  target  location,  the  crosses  1,2, 3, 4 are  the  aiming 
points  of  four  bombs  which  are  the  corners  of  a square,  and  the 
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4 circular  dots  represent  the  real  impact  points.  Therefore, 
if  one  shoots  all  4 bombs  aimed  at  the  center  of  Cartesian  co- 
ordinates, the  real  impact  points  are  the  "round-to-round"  error 
points.  So  the  target  is  considered  to  be  destroyed  if  the 
target  location  is  in  the  lethal  area  with  radius  R of  any  one 
of  the  4 bombs.  For  example,  suppose  the  target  coordinates 
are  (-2,  5),  and  that  4 bombs  with  lethal  radius  2 are  shot 
with  "round-to-round"  errors  (-1,2),  (2,1),  (2,-3),  (-2,-2). 
Figure  3 represents  the  situation.  The  dotted  circles  represent 
the  lethal  region  when  all  shots  are  aimed  at  the  center.  As 
the  picture  shows,  the  target  doesn't  lie  in  any  one  of  the 
lethal  areas.  In  the  case  where  the  shots  are  aimed  at  the 
points  (-2,2),  (2,2),  (2,-2),  (-2,-2),  the  corners  of  a square, 
the  crosses  represent  the  impact  points  of  the  bomb.  The  pic- 
ture shows  the  target  (-2,5)  lies  in  the  circle  associated  with 
impact  point  (-3,4). 

The  above  illustration  presents  the  case  that  the  pattern 
firing  method  can  be  better  than  firing  all  shots  at  the  center. 

In  the  computer  simulation,  10,000  X-coordinates  are  gen- 
erated from  a normal  distribution  with  mean  0 and  variance  c2 

t 

and  10,000  Y-coordinates  are  also  generated  from  the  same 
normal  distribution  as  target  locations.  For  each  target  lo- 
cation, 4 round-to-round  error  x-coordinates  and  4 Y-coordinates 
are  generated  from  a normal  distribution  with  mean  0 and  vari- 
ance o*  . The  square  pattern  size  is  gradually  increased  to 
determine  the  best  pattern  size.  Table  I and  Table  II  illus- 
trate the  computer  run  results.  In  the  table,  the  upper  right 
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aim  point  (X  *»  Y)  3 represents  the  first  corner  (3,3)  of  the 
square.  Therefore,  the  other  three  aiming  points  should  be 
(3,-3),  (-3,3),  and  (-3,-3).  Table  I shows  that  the  pattern 
firing  method  is  better  than  aiming  at  the  center.  Because 
when  aimed  at  the  center,  the  hit  probability  is  0.611  and  hit 
probability  increases  as  the  size  of  a square  increases  and 
reaches  at  the  maximum  value  0.651  when  one  aims  (2,2),  2,-2), 

(-2,2),  (-2,-2).  After  that  point  if  one  increases  the  pat- 
tern size,  the  probability  decreases.  On  the  other  hand. 

Table  II  shows  a case  where  there  is  no  necessity  to  use  a 
pattern.  If  one  increases  the  pattern  size  instead  of  aiming 
at  the  center,  the  hit  probability  decreases  from  0.430  to 
0.427,  0.404,  . . . etc. 

Table  III  illlustrates  the  results  of  the  computer  simula- 
tion with  lethal  radius  5,  and  target  location  error  (c^)  5, 

with  round-to-round  error  (c  ) variables. 

2 

When  a2  is  0.05,  the  hit  probability  aiming  at  the  center 
is  0.527  and  the  best  pattern  firing  hit  probability  is  0.780. 

As  "round-to-round"  error  increases,  pattern  firing  hit  prob- 
ability decreases  and  the  size  of  the  best  square  becomes  smaller 
and  smaller.  But  the  hit  probability  aiming  at  the  center  in- 
creases to  the  value  0.608  whBn  a is  4.  When  a is  larger  than 

2 2 

4,  all  the  fires  should  be  aimed  at  the  center.  That  means 
intentional  dispersion  decreases  hit  probability  when  "round- 
to-round"  error  is  larger  than  4. 

Another  important  fact  is  that  the  size  of  the  pattern  should 
become  larger  as  the  lethal  radius  becomes  larger.  For  example, 

t 

J 
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Lethal  Radius  ■ 3.75 


TABLE  II:  Pattern  Firing  Hit  Probability  Illustration  2 


Lethal  Radius  * 5 
Target  Location  Error 


NORMAL  ( 0 , 5 2 ) 


o ^ 

aim  at  the 
center 

probabi 1 ity 

pattern  firing 

probabil ity 

best  aim  point 

0.05 

0.527 

0.780 

3 . 5 

1.00 

0.550 

0.773 

3.0 

2.00 

0.597 

0.722 

3.0 

O 

o 

0.605 

0.651 

2.0 

4 . 00 

0.608 

0.613 

0.5 

5.00 

0.565 

0.565 

0.0 

6.00 

0.516 

0.516 

0.0 

TABLE  III:  Comparison  of  Aiming  at  the  Center  and 
Pattern  Firing 
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with  o ■ 5 and  a,  “ 1 the  beat  upper  right  aiming  corner 
becomes  (1.5,  1.5),  (2.0,  2.0),  (3.0,  3.0), (3.5,  3.5),  (4.0, 
4.0)  as  the  lethal  radius  increases  from  2.5  to  3.75,  5,  6.25, 
and  7.5. 

As  shown  above,  the  exact  relationship  between  all  of  the 
parameters  of  interest  to  maximize  the  expected  hit  probability 
is  likely  to  be  very  complex.  Therefore,  a simplified  general 
formula  of  hit  probability  that  includes  all  of  the  parameters 
is  not  available. 

In  the  next  chapter  we  introduce  another  firing  method 
called  artillery  registration  which  is  often  more  efficient 
than  pattern  firing  in  the  case  where  one  observer  provides 
feed  back  about  miss  distance  between  shots. 


III.  DISCUSSION  OF  ARTILLERY  REGISTRATION  METHOD 


In  the  previous  chapter,  it  was  concluded  that  pattern 
firing  is  efficient  when  an  observer  is  not  available.  This 
chapter  will  introduce  a firing  method  called  artillery  regis- 
tration (A.R.)  that  is  used  when  noisy  reports  on  miss  distance 
are  available. 

In  A.R.,  one  aims  his  first  shot  at  the  estimated  target 
position.  After  the  first  shot,  the  observer  reports  the  dis- 
tance between  the  impact  point  and  the  target  location.  But 
since  the  observer  is  inaccurate,  he  himself  makes  mistakes. 

In  one  dimension,  suppose  the  marksman  aims  his  first  shot  at 
0 and  the  observer  reports  the  target  location  is  10  to  the 
right  of  the  first  hit.  If  the  marksman  believes  the  observer 
is  accurate,  he  will  choose  the  next  aim  point  quite  close  to 
10.  If  not,  he  will  choose  the  next  aim  point  quite  close  to 
the  original  aim  point  at  0.  In  any  case,  the  next  aim  point 
will  be  somewhere  on  the  line  between  0 and  10.  So  the  first 
problem  is  what  point  on  the  line  between  them  should  one  lo- 
cate his  estimate,  and  secondarily,  what  is  the  variance  of 
the  target's  position  from  this  new  estimate.  That  means  what 
kind  of  random  variable  is  the  position  of  the  target  when  the 
observer's  report  is  given. 

Let  the  X-coordinate  of  the  target  be  a one-dimensional 
random  variable  X which  is  drawn  from  a normal  distribution 
with  mean  u and  variance  . So  the  target  location  X * u+E^ 


where  represents  the  "target  location"  error  governed  by 
NORMAL  (0,  ).  The  marksman  aims  at  u and  fires.  The  im- 

pact point  Y is  u + Ej  where  E2  represents  "round-to-round" 

error  governed  by  NORMAL  (0,a2  ).  Then  the  reporter  will  ob- 

2 

serve  the  impact  point  Y and  report  the  miss  distance  Z which 
is  X-Y+Ej  * X-(y+E2)  + E3  where  E3  represents  the  "report" 
error  governed  by  NORMAL  (0,0*  ).  Therefore,  E(Z|X)  * X-E(Y|X)= 

X - u and  the  observation  of  miss  distance  Z is  governed  by 

the  normal  distribution  with  mean  X - y and  variance  o£  = 

z 

°2  + ai  W^en  x *-s  given.  So  the  question  is,  if  X is  initially 

normally  distributed,  what  is  the  posterior  distribution  of  X 
when  Z is  given? 

The  posterior  density  function  fx|z(x|z)  can  be  determined 
from  the  joint  density  function  fx  Z(x,z),  since  f x J z (ac  | z ) - 
K"fx  z (x,z)  in  which  k"  represents  some  constant  that  does  not 
depend  on  x.  But 

fX,Z^x'z*  = fx(x) fz |x^z lx)  = Ke  " ■ e ‘ az  , 
since  fx(x)  is  NORMAL  (y,o*  ) and  fz|x(z|x)  is  NORMAL  (X-y,o2). 

By  equating  powers  of  x*  and  x,  we  can  write  fv  -(x,z)  as 

A t Z 

_ ^tx~y_ ' \ 2 

fX  2 (x,z)  ■ K'e  a'  1 

Which  is  also  a normal  distribution  with  mean  y'and  variance 
We  have 


<^>2  * 

T 


{Z^U)2 


-) 


X*-2yx+y: 
-(_H—  + 

ai  a2 

T z 


+ z*-2zx+2zu+x2-2yx+y* 

2x  ‘ + -E 

a2  o 
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———111  I . I ■■■  ■ .. 


We  also  have 


( - ^x2  ~ (-=*£)  2x  + -jC| 

<J  Q <J  * 0 

2 

Equating  the  coefficients  of  x and  xf 



a * oT  a 

i z 

_Fl,  - F + *+F  

JtJ  9 2 


u' 


z 


+ 


a 


•*  2 


a 


•*  2 


(1) 

(2) 


So  the  new  mean  y"  for  X having  observed  Z depends  upon  Z. 
The  new  mean  is  the  same  as  the  old  mean  plus  Z times  some 
dimensionless  constant.  If  Z is  positive,  the  observer  re- 
ported that  X was  greater  than  its  mean.  Consequently  the  new 
estimate  of  X should  be  greater  than  the  old  one.  If  Z is 
negative,  the  new  estimate  of  X ought  to  be  smaller  than  the 
old  one. 

Suppose  for  a moment  that  o is  infinite,  then  in  the 
_ <•  2 *-2 

formula  ■ u +z-2-r—  # the  z — — term  becomes  0.  The  new 

o o 

z z 

estimate  y"  is  the  same  as  the  old  estimate  y.  That  makes 
sense  because  <t  » • means  that  the  reporter  is  useless.  So 

Z 

the  marksman  should  aim  at  the  old  estimate.  On  the  other 
hand,  if  <jz  is  very  small,  which  means  the  observer  is  perfectly 
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accurate,  it  is  not  hard  to  show  that  y'  - Z + y.  This  makes 


sense  because  when  a_  is  0,  the  observer's  report  is  the  exact 

z 

-2 


value  X - y.  So  the  formula  ■ y + Z- 


makes  intuitive 


sense.  Its  use  is  what  we  refer  to  as  "artillery  registration. 
Let 

a?  + o? 

for  easy  computation  and 


oi 

oT 


T 


2 

ox 


2 

02 


. -2 


a2  cr2 

T z 


. °zOz+  Ox  <4 

.2 


Then 


y + 


y + 


2 

a“  o z 
T 


Z 

(T+l) 


-22-  + 1 


T+l 


So  far  we  have  only  discussed  the  case  of  one  dimension. 

But  the  Y-coordinate  has  the  same  character  as  the  X-coordinate, 
since  errors  are  symmetric.  Therefore,  the  above  theory  is 
exactly  the  same  for  the  Y-coordinate. 

With  the  above  theory,  the  computer  programming  algorithm 
is  shown  in  Figure  4.  In  the  simulation  program  c*  = o2  + a2  = 
"round-to-round"  error  plus  "reporter"  error,  and  the  initial 

value  of  T is  o2  + o*  . Let  Ax  represent  the  aiming  point  of 

a* 

the  X-coordinate.  1 The  first  shot  is  aimed  at  zero,  since 
target  location  is  assumed  to  be  distributed  NORMAL  (0,a2) 
initially.  Then  the  impact  point  Ix  of  a first  shot  will  be 
Ax  + E2,  where  E2  represents  the  "round-to-round"  error.  If  the 
target  location  is  in  the  lethal  radius  of  the  impacted  bomb, 
it  is  hit;  if  not,  the  observer  will  report  the  miss  distance 
Rx  ■ X-Ix  + e3'  where  E^is  the  "reporter"  error  which  is  drawn 
from  NORMAL  (0,a2).  Then  the  marksman  will  aim  at  the  new 

* Rx 

aiming  point  Ax,  that  is  old  aiming  point  Axplus  tj  ^ 
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As  Figure  4 shows,  the  initial  value  of  is  a and  the 

initial  value  of  T is  °z  . After  every  shot,  the  T value 

a 2 

changes  to  T+l.  So  the  1 procedure  described  above  is  essen- 
tially an  application  of  Bayes'  theorem  over  and  over  again. 

Each  time  through  the  loop,  it  aims  at  the  most  likely  position 
of  the  target. 

Table  IV  shows  an  example  of  computer  results  with  lethal 
radius  5,  target  location  error  equals  5,  and  round-to-round 
error  2.  As  the  table  shows,  the  hit  probability  decreases  when 
the  reporter  error  increases. 


24 


IV.  COMPARISON  OF  PATTERN  FIRING  AND  A.R.  METHOD 


In  the  previous  two  chapters,  we  discussed  pattern  firing 
and  artillery  registration.  Figure  5,  which  is  typical, 
illustrates  the  comparison  of  the  two  methods.  The  pattern 
firing  probability  is  0.773  and  the  A.R.  probability  is  very 
high  when  03  is  small.  As  03  increases,  the  A.R.  hit  probability 
decreases.  At  approximately  o3  - 8.8,  the  hit  probability  of 
the  two  methods  is  the  same.  For  larger  values  of  03,  the  A.R. 
method  has  a lower  hit  probability  than  the  pattern  firing  me- 
thod. With  different  values  of  R,  o^,  o2,  and  03,  the  computer 
simulation  shows  that  if  the  pattern  firing  method  gives  the 
best  hit  probability  when  aimed  at  the  origin,  then  the  A.R. 
method  is  always  better.  But  in  case  the  pattern  is  not  null, 
then  pattern  firing  is  better  when  0 3 is  large. 

In  general  neither  method  is  optimal  in  all  circumstances. 


EXPANDED  ARTILLERY  REGISTRATION  METHOD 


In  this  chapter,  a new  firing  method  called  "expanded  artillery 
registration"  (E.A.R.)  will  be  discussed.  It  is  a feed  back  pro- 
cedure plus  some  "artificial  dispersion."  The  marksman  follows  the 
A.R.  procedure,  except  that  the  round-to-round  error  is  artifi- 
cially increased  to  keep  all  the  shots  from  bunching  up.  The 
reason  for  using  artificial  dispersion  is  shown  in  Figure  6. 

In  Figure  6,  the  triangle  represents  the  real  target  location, 
the  black  circle  is  the  best  estimate  of  target  location,  the 
crosses  represent  the  impact  point  when  one  fires  without  making 
artificial  dispersion,  and  the  squares  are  the  impact  points  when 
one  increases  the  round-to-round  error  artificially.  The  dotted 
circles  represent  lethal  areas.  Without  artificial  dispersion, 
the  black  circle  area  is  over  covered  because  the  firing  is  too 
accurate.  But  the  real  target  isn't  covered  at  all.  In  the  cases 
where  one  uses  artificial  dispersion,  one  bomb  covers  the  target. 

So  artificial  dispersion-is  better  in  this  case. 

Table  V shows  the  comparison  of  pattern  firings,  artillery 
registration  (A.R.)  and  expanded  artillery  registration  (E.A.R.) . 

D 

When  the  ratio  of  lethal  radius  to  target  location  error  ( ) is 

°1 

less  than  0.5,  the  hit  probability  is  low,  pattern  firing  should 
aim  at  the  origin,  and  A.R.  is  better  than  pattern  firing  or 


E.A.R.  . Therefore,  when  the  ratio 


is  less  than  0.5,  it  is 


not  worthwhile  to  make  a table.  So  the  table  is  made  from  the 
ratio  -5_  a 0.5.  -p-  in  the  5th  column  represents  the  ratio 


TABLE  V:  Hit  Probability  Comparison  of  A.R.  and  E.A.R. 


31 


of  reporter  error  to  target  location  error  for  which  the  A.R. 
hit  probability  is  the  same  as  that  of  pattern  firing,  with  the 
common  value  being  shown  in  the  4th  column.  As  explained  by 
Figure  5 in  Chapter  IV,  the  A.R.  hit  probability  is  higher  than 
the  pattern  hit  probability  when  the  reporter  error  03  is  small. 
But  the  A.R.  hit  probability  decreases  as  03  increases.  So  when 
the  ratio  reaches  the  value  in  the  5th  column  in  Table  V, 

the  two  methods  have  the  same  hit  probability.  After  that, 
pattern  hit  probability  is  higher  than  A.R.  hit  probability. 

Therefore,  the  A.R.  method  is  recommended  rather  than  pat- 
tern  firing  or  E.A.R.  when  ^4—  is  small.  When  ip—  is  large, 
the  pattern  firing  method  is  recommended  rather  than  A.R.  or 
E.A.R.  On  the  other  hand  around  in  the  5th  column,  there  is 

ai 

no  great  difference  of  hit  probability  between  pattern  firing  and 
A.R.  But  expanded  artillery  registration  gives  higher  probability 
than  those  of  the  other  two  methods.  So  — — where  A.R.  hit  prob- 
ability and  pattern  hit  probability  are  the  same  is  the  best 
case  for  E.A.R. 

The  ratio  --p-  represents  the  amount  of  artificial  dis- 
persion which  gives  the  better  probability  in  column  7.  For 
example,  when  -5—  is  0.5  and  p — is  0.01,  then  pattern  firing 
should  aim  at  the  4 corners  of  the  square,  one  of  whose  ratio 
of  X-coordinate  to  is  0.4.  The  hit  probability  is  0.345. 

On  the  other  hand,  the  A.R.  method  gives  the  probability  0.345 

when  v1—  is  2.0.  When  P — is  less  than  2.0,  the  A.R.  method 
u1  a x 

gives  a better  hit  probability.  Given  the  condition  that  -p- 
is  0.01  and  -p-  is  2.0,  one  makes  the  artificial  dispersion. 
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So  one  uses  the  round-to-round  error  ratio  (£*— ) 0.4  instead 
of  0.01  and  the  probability  is  0.377  which  is  higher  than  0.345. 
On  the  other  hand  when  the  ratio  — is  0.6,  A.R.  gives 

ai 

a hit  probability  that  is  always  greater  than  but  asymptotic  to 

the  pattern  hit  probability  for  large  as  evidenced  by  the 

o, 

• symbol  in  the  table.  This  means  there  is  no  necessity  to  make 
an  artificial  dispersion  because  round-to-round  error  is  already 
big  enough.  Note  that  .-Si.  ■ in  this  case.  Therefore,  the 

computer  simulation  has  indicated  that  artificial  dispersion  in 
artillery  registration  is  sometimes  a better  method  than  either 
A.R.  or  pattern  firing  for  scoring  at  least  one  hit  with  4 bombs. 


VI.  MODIFIED  ARTILLERY  REGISTRATION  METHOD 

In  the  previous  chapter,  it  was  concluded  that  making  some 
artificial  dispersion  in  A.R.  gives  a better  hit  probability 
when  the  ratio  is  small.  The  E.A.R.  uses  round-to-round 
error  which  is  larger  than  a . 

In  this  chapter,  we  will  discuss  another  intentional  dis- 
persion method  called  modified  artillery  registration  (M.A.R.). 
M.A.R.  is  artillery  registration  plus  pattern  firing.  The 
round-to-round  error  direction  is  random  in  E.A.R.  . But  in 
the  modified  artillery  registration,  one  decides  the  direction 
by  choosing  the  corners  of  a square. 

For  example,  to  use  4 corners  (1,1),  (-1,1),  (-1,-1), 

(1,-1)  in  M.A.R. , the  first  shot  aiming  point  will  be  the 
(1,1)  which  is  the  summation  of  (0,0)  and (1,1).  Then  the  ob- 
server will  report  the  miss  distance  and  the  new  estimate  of 
the  target  location  will  be  calculated.  If  the  new  estimate 
is  (3,1),  the  second  shot  aiming  point  is  (2,2),  which  is  the 
sum  of  (3,1)  and  (-1,1).  If  the  target  is  not  hit  and  the  new 
expected  mean  is  (1,2),  the  third  shot  is  aimed  at  the  point 
(0,1),  the  sum  of  (1,2)  and  (-1,-1)  and  so  on.  So  the  modi- 
fied artillery  registration  is  the  procedure  which  uses  feed 
back  plus  pattern  firing. 

Figure  7 shows  the  comparison  of  four  methods  when  all 
parameters  except  a3  are  fixed.  As  the  figure  shows,  modified 
artillery  registration  gives  the  best  probability  among  the  4 
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Figure  7:  Graphical  Comparison  of  Pattern,  A.R.,  E.A.R.,  and 


r 


methods.  Comparisons  of  hit  probability  of  different  methods 
with  several  parameters  are  presented  in  Table  VI;  M.A.R. 
always  gives  at  least  as  high  a hit  probability  as  the  other 
three  methods. 

As  in  Table  V,  -2-i-  represents  the  ratio  of  reporter 
error  to  aim  point  error  where  the  pattern  firing  and  artillery 
registration  methods  give  the  same  hit  probability.  In  the 
last  column,  the  aim  point  represents  the  X-coordinate  of  one 
of  the  4 corners  of  the  square. 


VII.  CONCLUSION  AND  RECOMMENDATION 


The  analysis  made  in  the  previous  chapters  indicated  that 
neither  the  pattern  firing  method  nor  the  artillery  registra- 
tion method  is  optimal  and  that  intentional  dispersion  intro- 
duced to  artillery  registration  by  the  square  pattern  will 
improve  the  chance  of  at  least  one  hit. 

Hit  probability  tables  for  pattern  firing,  artillery  re- 
gistration, and  the  modified  artillery  registration  method 
calculated  by  computer  simulation  for  N * 4 and  various  para- 
meters combinations  are  given  in  the  Appendix. 

It  is  hoped  that  the  analysis  and  models  developed  in  this 
thesis  will  be  of  assistance  to  weapon  system  analysts,  and 
that  this  work  will  generate  an  interest  in  additional  investi- 
gations of  the  firing  process. 


APPENDIX:  HIT  PROBABILITY  FOR  N - 4 


References  for  reading  the  table: 

A.  Sample  Size  - 10,000. 

B.  Confidence  Interval  of  P in  the  table  * P ± 0.0196lTP(l  - P) 
with  confidence  coefficient  0.95. 

For  example,  C.I.  * 0.9  ± 0.0098  when  P = 0.9 

* 0.5  i 0.0058  when  P * 0.5. 

C.  List  of  Symbols 

R ■ lethal  radius  or  circular  target  radius 
a - aiming  error  standard  deviation 

- round -to-round  error  standard  deviation 
a » reporter  error  standard  deviation 
A.R.  - Artillery  Registration  Method 
M.A.R.  = Modified  Artillery  Registration  Method 

D.  Aim  point  represents  the  size  of  a square. 

For  example,  if  C[  * 2 and  aim  point  value  in  the  table 
is  0.4,  the  first  aim  point  = x aim  point  value  = 0.8. 
Therefore,  4 bombs  should  be  aimed  at  (0.8,  0.8),  (0.8, 
-0.8),  (-0.8,  -0.8)  and  (-0.8,  0.8). 
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0.687 

0.679 

0.674 

0.669 

0.664 

0.661 

0.657 

0.654 

0.649 


0.948 

0.931 

0.899 

0.875 

0.848 

0.828 

0.806 

0.777 

0.761 

0.745 

0.737 

0.725 

0.711 

0.707 

0.704 

0.701 

0.698 

0.694 

0.691 

0.688 

0.684 

0.681 

0.678 

0.674 


PROBABILITY  OF  PATTERN  * 0.900,  AIM  POINT  * 0.8 


V°1 

A.R.  PROBABILITY 

M.A.R.  PROBABILITY 

M.A.R.  AIM  POINT 

0 

1.000 

1.000 

warn 

0.2 

1.000 

1.000 

0.  -0.2 

0.4 

1.000 

1.000 

0.  -0.2 

0.6 

0.999 

0.999 

0.  -0.2 

0.8 

0.995 

0.995 

0.  -0.2 

1.0 

0.978 

0.978 

0.  -0.2 

1.2 

0.955 

0.961 

0.2-0. 3 

1.4 

0.920 

0.955 

0.4-0. 5 

1.6 

0.895 

0.949 

0.5-0. 6 

1.8 

0.861 

0.93  5 

■SI 

2.0 

0.840 

0.928 

2.2 

0.813 

0.920 

1 

2.4 

0.797 

0.918 

0.7-0.8 

2.6 

0.774 

0.915 

0.7-0. 8 

2.8 

0.762 

0.914 

0.7-0. 8 

3.0 

0.743 

0.912 

0.7-0. 8 

3.2 

0.733 

0.910 

0.7-0. 8 

3.4 

0.721 

0.907 

0.7-0. 8 

3.6 

0.712 

0.906 

0.7-0. 8 

3.8 

0.708 

0.905 

0.7-0. 8 

m 

0.697 

0.904 

0.8-0. 9 

m 

0.689 

0.904 

0.8-0. 9 

0.684 

0.903 

018-0.9 

m 

0.676 

0.903 

0.8-0. 9 

4.8 

0.672 

0.902 

0.8-0. 9 

■ 

0.665 

0.902 

0.8-0. 9 

2 


R/ (7i  m X « 2 5 


a2/oL 


PROBABILITY  OF  PATTERN  « 0.875,  AIM  POINT  » 0.6 


A.R.  PROBABILITY 


1.000 


M.A.R.  AIM  POINT 


1.000 

1.000 

0.999 

0.993 

0.978 

0.956 

0.925 

0.899 

0.878 

0.851 

0.828 

0.806 

0.791 

0.778 

0.768 

0.759 

9.751 

0.741 

0.732 

0.726 

0.718 


0.918 

0.914 

0.912 

0.908 

0.906 

0.904 

0.903 

0.903 

0.902 

0.902 

0.901 

0.901 

0.900 

0.900 


0. 7-0.8 
0.7-0. 8 
0.7-0. 8 
0.7-0. 8 
0.7-0. 8 
0.7-0. 8 
0. 7-0.8 
0.7-0. 8 
0.7-0. 8 
0.8-0. 9 
0.8-0. 9 
0.8-0. 9 
0.8-0. 9 
0.8-0. 9 


PROBABILITY  CF  PATTERN  * 0.859,  AIM  POINT  - 0.6 


VCTi 


A.R.  PROBABILITY  M.A.R.  PROBABILITY 


1.000 

1.000 

0.999 

0.998 

0.990 

0.970 

0.953 

0.927 

0.907 

0.885 

0.866 

0.851 

0.834 

0.822 

0.813 

0.804 

0.795 

0.786 

0.779 

0.773 

C.768 

0.764 


1.000 

1.000 

0.999 

0.998 

0.990 

0.970 

0.953 

0.932 

0.925 

0.915 

0.911 

0.891 

0.886 

0.882 

0.880 

0.877 

0.876 

0.874 

0.872 

0.871 

0.869 

0.867 

0.865 

0.863 

0.862 


0.7-0. 8 
0.7-0. 8 
0.7-0. 8 
0.7-0. 8 
0.7-0. 8 
0.7-0. 8 
0.7-0. 8 
0.7-0. 8 
0.7-0. 8 
0.7-0. 8 


» 1.25 


Vql  * °-8 


PROBi 

■ABILITY  OF  PATTER] 

N « 0.758,  AIM  PC 

>INT  - 0.4 

a3/°l 

A.R.  PRCBABTTLTY 

M.A.R.  PROBABILITY 

2 

0 

0,955 

0 

0.2 

0.952 

0.952 

0 

0.4 

0.950 

0.950 

0 

0.6 

0.936 

0.936 

0 

0.8 

0.928 

0.928 

0 

1.0 

0.916 

0.916 

0 

1.2 

0.906 

0.906 

0 

1.4 

0.889 

0.889 

0 

1.6 

0.881 

0.881 

0 

1.8 

0.864 

0.864 

0 

2.0 

0.851 

0.851 

0.  -0.1 

2.2 

0.839 

0.839 

0.  -0.1 

2.4 

0.827 

0.836 

0.1-0. 2 

2.6 

0.821 

0.832 

0.1-0. 2 

2.8 

0.815 

0.830 

0.1-0. 2 

3.0 

0.807 

0.825 

0.1-0. 2 

3.2 

0.804 

0.822 

0.1-0. 2 

3.4 

0.801 

0.820 

0.1-0. 2 

3.6 

0.796 

0.818 

0.1-0. 2 

3.8 

0.792 

0.816 

0.1-0. 2 

4.0 

0.790 

0.813 

0.1-0. 2 

4.2 

0.788 

0.811 

0.1-0. 2 

4.4 

0.786 

0.810 

0.1-0. 2 

4.6 

0.782 

0.808 

0.1-0. 2 

4.8 

0.778 

0.807 

0.1-0. 2 

5.0 

0.776 

- 

0.805 

0.1-0. 2 
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PROBABILITY  OF  PATTERN  - 0.950,  AIM  POINT  = 0.8 


V°1 

A.R.  PROBABILITY 

M.A.R.  PROBABILITY 

M.A.R. 

0 

1.000 

1.000 

0 

0.2 

1.000 

1.000 

0 

0.4 

1.000 

1.000 

0 

0.6 

1.000 

1.000 

0 

0.8 

0.999 

0.999 

0 

1.0 

0.996 

0.996 

0 

1.2 

0.985 

0.985 

0 

1.4 

0.971 

0.984 

0 

1.6 

0.951 

0.983 

1.8 

0.938 

0.981 

0 

2.0 

0.918 

0.978 

0 

2.2 

0.899 

0.976 

0 

2.4 

0.886 

0.973 

0 

2.6 

0.871 

0.972 

0 

2.8 

0.862 

0.970 

0 

3.0 

0.846 

0.969 

0 

3.2 

0.836 

0.969 

0 

3.4 

0.829 

0.968 

1 

3.6 

0.821 

0.968 

0 

3.8 

0.813 

0.967 

0 

am 

0.809 

0.967 

0 

0.803 

0.967 

0 

fSm 

0.797 

0.966 

0 

EH 

0.790 

0.966 

0 

4.8 

0.785 

0.966 

0 

■ 

0.778 

0.965 

0 

PROBABILITY  OF  PATTERN  = 0.938,  AIM  POINT  = 0.8 


A.R.  PROBABILITY 

M.A.R.  PROBABILITY 

M.A.R.  AIM  POINT 

0 

1.000 

1.000 

0.  -0.2 

0.2 

1.000 

1.000 

0.  -0.2 

0.4 

1.000 

1.000 

0.  -0.2 

0.6 

0.999 

0.999 

0.  -0.2 

0.8 

0.998 

0.998 

0.  -0.2 

1.0 

0.993 

0.993 

0.  -0.2 

1.2 

0.984 

0.984 

0.  -0.2 

1.4 

0.971 

0.980 

0.2-0. 3 

1.6 

0.956 

0.974 

0.4-0. 5 

1.8 

0.949 

0.967 

0.5-0. 6 

2.0 

0.932 

0.960 

0.5-0. 6 

2.2 

0.920 

0.958 

0.6-0. 7 

2.4 

0.907 

0.955 

0.6-0. 7 

2.6 

0.895 

0.952 

0.6-0. 7 

2.8 

0.890 

0.949 

0 .6-0.7 

3.0 

0.884 

0.947 

0.7-0. 8 

3.2 

0.877 

0.945 

0.7-0. 8 

3.4 

0.872 

0.943 

0.8-0. 9 

3.6 

0.866 

0.942 

0.8-0. 9 

00 

• 

CO 

0.860 

0.941 

0.8-0. 9 

vwm 

0.855 

0.94  0 

0.8-0. 9 

B9 

0.850 

0.938 

0. 9-1.0 

0.847 

0.938 

0. 9-1.0 

in 

0.845 

0.936 

0. 9-1.0 

4.8 

0.844 

0.935 

0. 9-1.0 

■ 

0.842 

0.934 

0. 9-1.0 

1.5 


6 


PROBABILITY  OF  PATTERN  « 0.887,  AIM  POINT 


C, /a. 


y 1 1 A. R. PROBABILITY 


1.000 
1.000 
.998 
.997 
0.992 
0.987 
0.976 
0.969 
0.95,4 
0.942 
0.930 
0.921 
0.911 
0.909 
0.900 
0.889 
0.883 
0.878 
0.87  5 
0.871 
0.868 
0.864 
0.862 
0.860 
0.858 
0.856 


0.916 

0.914 

0.913 

0.911 

0.910 

0.908 

0.907 

0.906 

0.905 

0.904 


R/a^  ■ 1.5  °2^al  ~ 0,8 


PROBABILITY  OF  PATTERN  » 0.849,  AIM  POINT  = 0.2 


A.R.  PROBABILITY 

M.A.R.  PROBABILITY 

M.A.R.  AIM  POINT 

0 

0.989 

0.989 

0 

0.2 

0.988 

0.988 

0 

0.4 

0.987 

0.987 

0 

0.6 

0.982 

0.982 

0 

0.8 

0.97  6 

0.97  6 

0 

1.0 

0.969 

0.969 

0 

1.2 

0.961 

0.961 

0 

1.4 

0.953 

0.953 

0 

1.6 

0.942 

0.942 

0.  -0.1 

1.8 

0.931 

0.931 

0.  -0.1 

2.0 

0.922 

0.928 

0.1-0. 2 

2.2 

0.915 

0.925 

0.1-0. 2 

2.4 

0.910 

0.917 

0.1-0. 2 

2.6 

0.904 

0.913 

0.1-0. 2 

2.8 

0.898 

0.911 

0.2-0. 3 

3.0 

0.892 

0.906 

0.2-0. 3 

CM 

• 

m 

0.885 

0.902 

0.3-0. 4 

3.4 

0.880 

0.900 

0.3-0. 4 

3.6 

0.878 

0.897 

0.3-0. 4 

3.8 

0.877 

0.895 

0.3-0. 4 

EE1 

0.875 

0.889 

0.4-0. 5 

B9 

0.873 

0.886 

0.4-0. 5 

188 

0.870 

0.884 

0.5-0. 6 

ESS 

0.868 

0.883 

0.5-0. 6 

4.8 

0.866 

0.882 

0.5-0. 6 

■ 

0.864 

0.881 

0.5-0. 6 
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PROBABILITY  OF  PATTERN  = 0.820,  AIM  POINT  = 0 


a3/al  A*R*  M.A.R.  PROBABILITY  M.A.R.  AIM  POINT 


0 0.954  0.954 

0.2  0.953  0.953 

0.4  0.950  0.950 

0.6  0.948  0.948 

0.8  0.941  0.941 

1.0  0.934  0.934 

1.2  0.927  0.927 

1.4  0.919  0.919 

1.6  0.910  0.910 

1.8  0.905  0.905 

2.0  0.895  0.895 

2.2  0.890  0.890 

2.4  0.884  0.884 

2.6  0.878  0.878 

2.8  0.875  0.875 

3.0  0.870  0.870 

3.2  0.868  0.868 

3.4  0.866  0.866 

3.6  0.862  0.862 

3.8.  0.860  0.860 

4.0  0.857  0.857 

4.2  0.855  0.855 

4.4  0.854  0.854 


4.6  0.853  0.853 

4.8  0.851  0.851 


0.850  0.850 
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